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Motivation
Floating-Point Dot Product Hardware: 𝑎 × 𝑏 + 𝑐 × 𝑑 + 𝑒 × 𝑓 + 𝑔

Designed for low area and low accuracy

Months later a compiler optimisation discovered:
𝑎 × 𝑏 + 𝑐 × 𝑑 + 𝑒 × 𝑓 + 𝑔 ≠ b × 𝑎 + 𝑐 × 𝑑 + 𝑒 × 𝑓 + 𝑔

Cause: Truncated Booth arrays
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Motivation
Truncated AND Array

Bad PPA
Commutative

Truncated Booth Array
Good PPA

Not Commutative

We want the best of both worlds:
Commutative

Truncated
Booth

Delivery:
Formally Verified RTL

Error:
Controlled => Faithfully Rounded
Exploited => Maximal HW Benefit



Approach
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Commutativity Solution: Booth Encode Both Inputs
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Commutativity Solution: Booth Encode Both Inputs
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Truncate after
Booth encoding both inputs:

Turn into binary array Find extremal values

k

???

A) Commutative Truncated
Array Design

B) Commutative Truncated
Array Error

???

Commutativity Solution: Booth Encode Both Inputs



A) Commutative Truncated 
Array Design
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Commutativity Truncated Array Design
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Commutativity Truncated Array Design
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𝑠′ = 𝑎2𝑖+1 ⊕ 𝑏0 ( 𝑎2𝑖+1 ⊕ 𝑎2𝑖 ∨ 𝑎2𝑖 ⊕ 𝑎2𝑖−1 )

Commutativity Truncated Array Design

𝑠′
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Additional 
‘compensation’ bits

Standard truncated 
Booth array:

Limited delay
impact expected:

Full Adder
Application

Dominating
Height

Commutativity Truncated Array Design



B) Commutative Truncated 
Array Error
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Error Analysis

Δ

Δ = −2k−1 bk−1𝑎0 + 𝑏𝑘−3𝑎2 + 2k−2 bk−2𝑎0 + 𝑏𝑘−4𝑎2 + 4 𝑏2𝑎0 + 𝑏0𝑎2 …

= −2k−1 ak−1𝑏0 + 𝑎𝑘−3𝑏2 + 2k−2 ak−2𝑏0 + 𝑎𝑘−4𝑏2 + 4 𝑎2𝑏0 + 𝑎0𝑏2 …

𝑘 Extremal values occur when either:

𝑎𝑖 = 𝑎𝑖−2 and 𝑏𝑗 = 𝑏𝑗−2 𝑎𝑖 ≠ 𝑎𝑖−2 and 𝑏𝑗 ≠ 𝑏𝑗−2  

Hexadecimal 
Summation 

Helper 
Functions:
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Error Analysis

(−2𝑏3 + 𝑏2 +𝑏1)
×

(−2𝑎3 + 𝑎2 +𝑎1)
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2𝑘 10𝑘 −5 −1 𝑘/2 −1 + 5 + −1 𝑘/2

(These bounds are tight, and we have worst case inputs.)

max Δmin Δ



Faithfully Rounded
Commutative Truncated 
Array
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Faithful Rounding

C

Constant

+

A Δ

Y’ D

m

k
Faithful rounding:

−2𝑚 
<  𝐶 − Δ − 𝐷 <  2𝑚

D can take any value in [0,2𝑚 − 2𝑘], hence

𝐶 − 2𝑚 
<  Δ <  𝐶 + 2𝑘

max Δ − 2𝑘 < C < min Δ + 2𝑚

C must be a multiple of 2𝑘:

max Δ

2𝑘
 ≤

min Δ

2𝑘
+ 2𝑚−𝑘

−2𝑚 
<  𝐴 + Δ –  𝑌’ <  2𝑚

−2𝑚 
< (𝐴 + Δ) – (𝐴 + 𝐶 − 𝐷) <  2𝑚



Intel ConfidentialDepartment or Event Name 18Intel Confidential 18
XPU Architecture and IP Engineering – GFx Numerical Hardware Group

Maximal Error Exploitation

𝑘∗ = max
𝑒𝑣𝑒𝑛 𝑘

𝑘 ≤ 5 ∗ 2m−k−2

2𝑘∗ − 5 − −1 𝑘∗/2

5
≤ 𝐶∗ ≤

5 ∗ 2𝑚−𝑘∗
− 2𝑘∗ − −1 𝑘∗/2

5

Optimal (Maximal) Truncation:

Associated constant C range:

m k* min
C*

max 
C*

C*

8 4 1 14 1

16 12 4 11 4

24 20 7 7 7

32 26 10 53 16

53 46 18 109 32

64 58 23 41 32



Conclusion
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Unsigned n bit multiplication
Faithful Rounding to column m

Compute k and C

Array Creation

Create
compensation

bits

Add 
compensation

bits & constant
To array

Array Reduction

Commutative
Truncated

Booth
Faithfully Rounded

Maximal HW Benefit
Formally Verified

RTL
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    mult = a[n-1:0]*b[n-1:0]

     lsbs = mult[  m-1:0]

     msbs = mult[2*n-1:m]

 

 lemma (lsbs==0)? y==msbs : 0<=y-msbs<=1

n m Faithful Rounding
Proof

(seconds)

Commutativity
Proof

(seconds)

4 4 3 0.6

6 6 4 0.6

8 7 4 0.6

16 5 4 0.7

16 16 7 0.7

24 16 11 0.7

32 16 22 0.9

32 32 45 0.9

36 32 52 1.0

36 36 120 1.0

42 42 728 1.1

64 64 -- 2.0

128 128 -- 8.0

Proofs are performed using a multiplier rewriter
implemented as an ACL2 clause processor

with some help from a SAT Solver

Sound and Automated Verification of Real-World RTL Multipliers

Commutative
Truncated

Booth
Faithfully Rounded

Maximal HW Benefit
Formally Verified

RTL

https://repositum.tuwien.at/handle/20.500.12708/18631
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Synthesis
Results 

n = 64

Round towards zero

Commutative Truncated AND     Array – up to 21%  smaller

Commutative Truncated  Booth Array – up to 31%  smaller

Non-Commutative Truncated  Booth Array – up to 33% smaller



Epilogue
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Commutator

=

Commutative Truncated
𝑎 × 𝑏

Commutative Truncated
𝑏 × 𝑎

=−

𝑘

2

∈ −
𝑘

2
,
𝑘

2

𝑎1  ⊕ 𝑏𝑘−1 ( 𝑎1  ⊕ 𝑎0 ∨ 𝑎0  ⊕ 0 )

+ 𝑎3  ⊕ 𝑏𝑘−3 ( 𝑎3  ⊕ 𝑎2 ∨ 𝑎2  ⊕ 𝑎1 )

+ 𝑎𝑘−1 ⊕ 𝑏1 ( 𝑎𝑘−1 ⊕ 𝑎𝑘−2 ∨ 𝑎𝑘−2 ⊕ 𝑎𝑘−3 )

…

- 𝑏1  ⊕ 𝑎𝑘−1 ( 𝑏1  ⊕ 𝑏0 ∨ 𝑏0  ⊕ 0 )

- 𝑏3  ⊕ 𝑎𝑘−3 ( 𝑏3  ⊕ 𝑏2 ∨ 𝑏2  ⊕ 𝑏1 )

- 𝑏𝑘−1 ⊕ 𝑎1 ( 𝑏𝑘−1 ⊕ 𝑏𝑘−2 ∨ 𝑏𝑘−2 ⊕ 𝑏𝑘−3 )

…
1010 … 1010 × 0

0 × 1010 … 1010

Commutator 
= a × 𝒃 − 𝒃 × 𝒂
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